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O ! Abstract 
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Inflation driven by a single dark spinor field is discussed. We define the notion of a dark spinor 
field and derive the cosmological field equations for such a matter source. The conditions for 



inflation are determined and an exactly solvable model is presented. We find the power spectrum 
of the quantum fluctuation of this field and compare the results with scalar field inflation. 
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I. INTRODUCTION 



Inflation is a successful theory to solve some of the problems of the otherwise successful 
big-bang model [l|, [2j, y|, see also [4|. Today's standard model of cosmology contains the 
theory of scalar field inflation where the quantum fluctuations yield the primordial density 
fluctuations that become the seeds of structure formation. In this paper, inflation driven by 
a single dark spinor field is investigated. We present the basic theory of dark spinor inflation 
and formulate the theory in closest possible analogy to scalar field inflation. 

Spinors and inflation have not been studied to such a great extent in the past, however, 
see for instance |5|, [6|, |7| . Spin and inflation in the context of torsion theories on the other 

, l9|, llO, llll, ll2, lid, llJ|- However, here we consider 



hand has received much more attention 



spinors in the framework o 
attracted some interest 



classical general relativity. Also vector field driven inflation has 
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The dark spinor field is a spin one half matter field with mass dimension one 2GJ, |21| . 
originally called Elko spinor. The Elko spinors are based on the eigenspinors of the charge 
conjugation operator, the field theory obeys the unusual property (CPT) 2 = — 1. The spinor 
field's dominant interactions take place through the Higgs doublet or with gravity 20, |21| . 
and therefore these spinors are genuinely dark. Henceforth we will refer to dark spinors. 
They belong to a wider class of so-called flagpole spinors 22j. Physical properties and 
their relationship to Dirac spinors have been studied in [23|. According to Wigner 24|, 
these spinors are non-standard, standard fields obey (CPT) 2 = 1. First results about 
the imprints, a non-standard spinor driven inflation would leave on the cosmic microwave 

ri 

background anisotropies have been obtained in [7|, in the context of Bianchi type I models. 
Consider the left-handed part 4>l of a Dirac spinor in Weyl representation. An eigenspinor 
of the charge conjugation operator is defined by 



A 




(1) 



where <fi* L denotes the complex conjugate of 0/, and o<i is the second Pauli matrix. Note 
that the helicities of <pL and <r 2 (j)* L are opposite [20|. Therefore there are two distinct helicity 
configurations denoted by A{_ i+ } and A{ +i _}. 



Dark spinor fields can be introduced straightforwardly into an arbitrary manifold 25|, [26] 



This results in the following matter action 

s = lf{fv (lt lv v) x - v(X\))^d 4 x, (2) 

where V is the potential and the round brackets denote symmetrization. Since the covariant 
derivative now acts on a spinor, there is an additional coupling of the matter to the spin 
connection which is absent in the scalar field case. 

In view of the dark spinor action (J2J) these fields obey the Klein-Gordon equation only. 
Dirac spinors, on the other hand, satisfy an additional equation of motion, namely the 
Dirac equation which is linear in the partial derivatives. Therefore, dark spinors show a 
more involved coupling to geometry than Dirac spinors. The other key difference between 
Dirac and dark spinors is their transformation behavior under the action of (CPT) 2 . Dirac 
spinors satisfy (CPT) 2 = 1 while dark spinors satisfy (CPT) 2 = — 1. 



In cosmology we assume the dark spinors to depend on time only. Following 26|] the dark 
spinors are given by 



A { _, +} = <p(t) £/V2 , A {+ ,_ } = cp(t) C/V2 , (3) 



where £ and ( are constant spinors [26( satisfying ££ = ££ = +2. £ and £ denote the 



respective dual spinors. Note that these constant spinors are the only ones compatible with 
homogeneity and isotropy in the non-standard spinor context [26( |. 

The paper in organized in the following manner: In Section [Til the cosmological field 
equations of dark spinor inflation are formulated and compared with scalar field inflation. 
In Section [TTTJ the theory of dark spinor inflation is formulated. The slow-roll approximations 
are applied to the equations of motion and a new slow-roll parameter is introduced. An exact 
inflationary solution is described in Section IIVI An exponential inflation model is derived. 
In Section [V] the power spectrum of the spinor field perturbations is found and compared 
with the scalar field analog. In the final Section [VTl we conclude. 

II. COSMOLOGICAL FIELD EQUATIONS 

The standard model of cosmology is based upon the flat Friedmann-Lemaitre- Robertson- 
Walker (FLRW) metric 

ds 2 = dt 2 -a(t) 2 (dx 2 + dy 2 + dz 2 ), (4) 



where a is the scale factor. The dynamical behavior of the universe is determined by the 
cosmological field equations of general relativity 



Raf3 — ^RdaP + h-QaP 



Ml a/3 ' 



(5) 



where M p \ is the Planck mass which we use as the coupling constant. In what follows the 
cosmological constant is set to zero unless stated otherwise. T a p denotes the stress-energy 
tensor, which for a homogeneous and isotropic cosmology takes the form 



T a/3 = diag(p, a 2 P, a 2 P, a 2 P). 
The cosmological equations of motion are 

H 2 = ip, 



3M p r 
p + 3H(p + P) = 0. 



(6) 

(7) 
(8) 



where the dot denotes differentiation with respect to cosmological time t. The Hubble 
parameter H is defined by H = a/a. 

Here we consider a homogeneous single dark spinor field A, which we will call spinflaton. 
Note that this is different from spinflation in the context of DBI brane world models [271 ] . 



For scalar field inflation, we refer the reader to 
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30| . Following [26( , the energy density 



and the pressure of the dark spinor field are given by 



P- 

P 



2,„2 



-<? + V{ip) - -H 2 cp 

\p 2 - v{<p) + \hV. 



(9) 
(10) 



The spinor field's potential energy may yield an accelerated expansion of the universe. It 
should be noted that the energy density and the pressure now explicitely depend on the 
Hubble parameter. These additional terms are present because the covariant derivative 
when acting on the spinflaton field acts also on the spinorial part. One way of interpret- 
ing this 'coupling' is to regard the effective mass of the particle to depend on the Hubble 
parameter 26( and therefore on the evolution of the universe. 

The time-time component of the Einstein field equation (JTj) and the energy momentum 
conservation equation (jSj) of the spinflaton field become 

1 



H 2 
<p + 3Hip 



3M 2 pl 
lip 



\p 2 + V(p) - jjtfV 

a p^ 



1--MH + --) +vm 

Ap K ap J l v 



(11) 
(12) 



where V v = dV/dip. The additional term with the Hubble parameter on the right-hand 
side of Eq. f fTTj) . and the additional terms in the square bracket of Eq. ffl2|) characterize the 
deviations from the scalar field equations where these terms are absent. Consequently, the 
theory of spinflation may be quite different to scalar field inflation. 

III. SPINFLATION 

The standard model of cosmology is plagued by the fact that the universe's expansion 
is decelerating which leads to the flatness and horizon problems, among others. These 
problems can be solved if the universe did undergo a phase of accelerated expansion in the 
early universe [l|, |2j, |3j, this means a > 0. This condition is equivalent to the requirement 
p + 3P < which violates the strong energy condition. Taking into account the energy 
density and the pressure of the spinflaton field, one finds 

^ = 2 -vm as) 

and therefore the condition for the spinflaton field to yield a phase of accelerated expansion 
is given by 

V(<f>) > 2 . (14) 

This latter condition equals the analog condition of the scalar field case. It means physically 
that the potential energy of the spinflaton dominates its kinetic energy. This can be achieved 
quite generally if a sufficiently flat potential is considered where the spinflaton slowly rolls 
down. 

Next, let us impose slow- roll conditions: By this we mean that the kinetic energy of the 
spinflaton is much smaller than its potential energy (f> 2 /2 <C V(<p) and that the 'accelera- 
tion' of the field is small \<p\ <C 3H\(f>\. Then, the equations of motion (TTTJ and (1121) are 
approximately given by 

1 



H* - 

3M 2 



V&)-IhV , (ir,) 



3E(p 



\L(H-\U^-VM. (16) 



40 a tp' 

where the ~ sign indicates equality within the slow-roll approximation. At this stage it is 
not straightforward to introduce slow-roll parameters that can be expressed entirely in terms 
of the potential. 



It is tempting to replace H and a/ a in Eqs. ( TT51) and (TT6l) by using the field equations 
again, thereby adding terms proportional to the inverse Planck mass. The resulting equa- 
tions can be expanded in terms of powers of <p/M p i, which leads to 



1 



3M£ 



1 <p 



2 



8M pl 



H - TIW V &) 1 " ~ Q ijr + Otf/M& (17) 



V_ 1 (p V 2 
V J + 4M 2 l V' 2 



d<p, (20) 



3H, K -V- („) [l - i|J - J^^] + (^/«5), (18) 

In order to investigate which simplifications are in fact justified, we will analyze some exact 
solutions of the non-approximated equations (lTTi) -(fT2"l) in Section HVl 
To quantify the amount of inflation, we define the number of e-foldings 

which measures the amount of inflation that still has to occur until inflation ends. By 
definition N(t en d) = 0. Using the slow-roll approximation, we can express the number of 
e-foldings in terms of the potential 

/•'end 1 f<P 

N(t) = / H(t')dt' ~ —, \ 

where higher order terms have been neglected. Throughout this paper we assume the total 
number of e-foldings to be around sixty. 

The standard slow-roll parameter £ is defined to be the time derivative of the inverse 
Hubble parameter. In principle, using Eqs. (IT5|) and (fTSj) . we can express (1/H)' in terms 
of the potential V, its derivative and the field <p. The exact expression is quite involved. 
However, by expanding the equation in terms of powers of <p/M p i one arrives at 

t ~ m~ 2 \VJ 47" [ ' 

Let us next perform the analog computation for the complementary parameter A which also 
quantifies the slow-roll approximation 

Hp~ 2 W) + 4F + 4 Mpl V 
where in the formal expansion higher order terms have been neglected. 

To simplify comparison with scalar field inflation, it is most natural use the following set 
of scalar field slow roll parameters 



A = ^-^(T7) H-^H-7-^7, (22) 



MZwV'\* . n/r2 V" 



M&1F- (23) 



Inserting these parameter into Eqs. (!2Tj) and (1221) leads to 

where the additional term 1/4 should be noted, see also [7j. The left-hand side of Eq. (1241) is 
motivated by the definition of inflation a/ a = H + H 2 > 0, which the yields —H/H 2 < 1. In 
scalar field inflation one can therefore naturally define the end of inflation by the condition 
e = 1. In spinor inflation the additional term ip/AV'/V, depending on its sign, may stop 
inflation even if e ^C 1 or spinflation may continue if e = 1. 

IV. EXPONENTIAL INFLATION 

In this section the non-approximated and the slow-roll approximated equations of motion 
are analyzed. In scalar field equation the slow-roll approximation suffices for the analysis of 
most models. 

Consider the potential 

YM. - 3a 2 + f_}?_ (26) 

M p 2 1 " 3g+ 4M p V (26) 

where q is a constant of mass dimension one. The two Einstein field equations ffTTl) and ffT2|) 

are solved by 

a = a exp(gt), tp = <£> exp(±g£/2). (27) 

This spinflation model is characterized by a constant Hubble parameter H = q. Moreover, 
the term (p/(p is constant and therefore all terms of interest in ffT5|) and ffTBI) are constants. 
If this potential is used to solve the slow-roll approximated equations of motion (TT5l) - (TT6j) . 
one finds the same solution. 

The number of e-foldings for this exponential inflation model is iV = g(t e nd — t) and 
therefore we find qt en< i = 60 which relates the time when inflation ends to the parameter q 
that parameterizes the potential. Note that the phase of accelerated expansion never ends 
since a/ a = q 2 > 0. Moreover, the inflation condition V(ip) > (p 2 yields qM p \ > which is 
also always satisfied, this is true for both signs in Eq. (J2"T|) . The parameters £ and A are 
given by 

€ = 0, A = ±i (28) 



Having obtained these values, we can now consider Eqs. (|2"4"|) and ([25]) for consistency. The 
value S = implies that e ~ <p/4 V'/V, which leads to a very small value of the field. 
Indeed, for p = this condition holds exactly. On the other hand, A = 1/2 holds exactly if 
<p = ±2v / 15M pl . 

Next, let us analyze the additional terms present in Eq. (Tl6l) which are given by 



p a ld 2 a , . 

- - = ±2 I-- = 4. (29) 

Lf> a (p 2 a 

Taking into account the factor of 1/4 we conclude that one cannot neglect the additional 
terms in the square bracket of Eq. (TT6l) as these are of the order unity and hence spinflation 
shows genuine differences from scalar field inflation. 

V. COSMOLOGICAL PERTURBATIONS AND POWER SPECTRUM 

In cosmological perturbation theory it is most convenient to work in conformal time 
defined by rj = J a~ 1 {t')dt l . The derivative with respect to rj will be denoted by a prime. 
The metric now takes the form 

ds 2 = a(r]) 2 (dr] 2 - dx 2 - dy 2 - dz 2 ). (30) 

Since we wish to solve the perturbation equation explicitely for the exponential inflation 
model, we mention its form in conformal time 

a( V ) = ---, (31) 

qrj 



lip 



(p(rj) = \ — easel, p(r]) = a/ a? 3 //, case II, (32) 

depending on the sign in Eq. ( j2"Tj) . + and — refer to cases I and II respectively. The constant 
(p has mass dimension one in both cases. 

It is well known in scalar field inflation that one can neglect the metric perturbation 



when deriving the wave equation of the field perturbations 29j. This is justified for two 
reasons. Firstly, for modes well inside the horizon the metric perturbation \& is negligibly 
small. Secondly, when working in spatially flat slicing gauge, the spatial part of the metric 
is indeed unperturbed. Since we are primarily interested in qualitative statements about 
spinflation, we will neglect the metric perturbations for the time being. 
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Let us consider small perturbation about the homogeneous and isotropic spinflaton field 

V = <A)(??) + M^) ? ( 33 ) 

we will keep first order terms in Sip only, x denotes the three spatial coordinates. It should 
be noted that we neglect perturbations of the spinorial parts £ and ( of the spinflaton field as 
a first approximation. At the moment it is unclear whether this is fully justified. Due to the 
more involved equation of motion of the spinor field ( Tl2l) , one expects a rather complicated 
perturbation equation. Indeed, this wave equation is given by 



Sip" + 2aHSip' + k 2 Sip + V w (ip ) a 2 5<P 
A^ aH 2 + H')a 2 H5p' 



-*f±(aH 2 + H') a 2 H5p - -H 2 a 2 Sip = 0. (34) 

2 ip 4 

where the first line contains the terms of standard scalar field inflation and k is the comoving 
wavenumber. Evidently, this wave equation has an involved coupling to the background 
dynamics. 

Assuming the background evolution to be described by the exponential inflation model 
of Section HV] the wave equations (13"4"j) simplify considerably and one arrives at 

Sip" - -Sip' + ( k 2 -—X)s V = 0, case I, (35) 

7] \ 4 T] Z J 

Sip"- -Sip' + ( k 2 + — ^ )5<p = 0, case II, (36) 

r] \ 4 r] 2 J 

These equations can be brought into the standard form of a harmonic oscillator by elimi- 
nating the term with Sip' . Introducing v = (qr])~ 5 ' 2 Sip [= ia 5 ' 2 Sip] we obtain 

v" + ( k 2 - — \v = 0, case I, (37) 

v" + ( k 2 - — jv = 0, case II, (38) 

which can be solved analytically in terms of trigonometric functions. We impose the usual 
Minkowski vacuum ground state 

„— ikn 

(39) 



e —ikr\ 



V 



in the limit ki] — ► — oo, the asymptotic past. This fixes the two constants of integration. 
Therefore, the properly normalized solutions are given by 

e~ ikr > / i6 15 f 15\ 

1 - i- - TT^ + 7T^ > case !. ( 40 ) 



2fc \ &?7 ^ 2 ?7 2 ^ 3 ?7 3 

g-.fcr, / j3 3 



case II, (41) 



v^2A; \ kr] k 2 rf / 

where we immediately find that the large scale power spectrum will be different for the two 
cases. 

Since we wish to directly compare scalar field inflation with spinor inflation, we define 
the power spectrum of the spinor field perturbations according to 

„, 4tt/c 3 \v\ 2 /inS 

Vs « = (£)*&■ (42) 

Now we can find the power spectrum on small and large scales. On small scales the comoving 
wave number k satisfies k ^> aH, therefore the two resulting power spectra are in fact equal 
and become 

"* = (sW- (43) 

Besides the slightly different scaling in time the small scale power spectrum coincides with 
the prediction of scalar field inflation, where 



^=(^1. <«) 



and on large scales where k <C aH we find 

2 /IK W2\2 /ox 2 , ,,, 1.5/2 



** - (I) ® - g) l52 (I) « 7/2 - '• « 45 » 

^-(l) 2 (^) 2 -(I) 232 (f) 7/2 |^ 3/2 ' -"• <«> 



The first factors on the left are those that resemble the massless field case. Therefore, we 
are lead to conclude that on large scales the spinflaton field perturbations have more power 
than the scalar field perturbations. 

VI. CONCLUSIONS 

The main difference between spinflation and scalar field inflation lies in the additional 
Hubble parameter terms in the energy density and pressure of the dark spinor field. These 

10 



terms seem to change the dynamical behavior of the theory significantly but also offer a new 
and well motivated inflation model. We formulated the theory of spinflation in such a manner 
that the theory looks closely analogous to conventional inflation. We found that dark spinor 
driven inflation shares many of the desired properties of the successful scalar field inflation 
model but also shows genuine differences which make the spinflation theory very interesting. 
In principle it should now be possible to thoroughly investigate spinflation models for various 



potentials and compare with observations. In view o 
microwave background multipoles on large scales 31 



re apparent alignment of the cosmic 



321 . l33l . |34[ , alternative inflation models 



are indeed required assuming that this apparent alignment is not a data analysis effect. 
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As a possible next step one should take into account the metric perturbations 
In spatially flat gauge, the comoving curvature perturbation is defined by 

^ 2 H-^ + Q ^ 

K=^—^ + *. (47) 

For the exponential spinflation model discussed so far, one immediately encounters the 
problem that the term p v + P v for the exact solution (j2"Tj) vanishes. Therefore, dividing by 
the term p v + P^ for that particular model is not allowed and one has to investigate the 
perturbations starting from the perturbed Einstein field equations directly. Therefore, in 
order to find the spectral index from the curvature perturbation power spectrum, additional 
investigations are required. Since the spinflaton field has a more complicated coupling to 
the geometry, it is expected that also the complete perturbation equations will have a more 
involved structure. Moreover, in principle one could consider perturbations of the spinorial 
part of the field that are compatible with homogeneity and isotropy. This leads to additional 
structure in the resulting equations and may also have an effect on the large scale power 
spectrum. 

Within the exponential inflation model there is no natural end for spinflation, see Eq. (124J1 
and the subsequent discussion. Therefore, it is of interest to find further exact solutions of 
the equations of motion based on other potentials and to analyze under which conditions 
spinflation ends. Another important feature of Eq. ([121) should be remarked. The additional 
terms containing the Hubble parameter effectively contribute to the potential energy of the 
field. This allows for situations where the field in not oscillating around its minimum and 
therefore is not decaying. One can speculate that this could yield interesting scenarios where 
the spinflaton field firstly drives an epoch of accelerated expansion and later constitutes 

11 



to the cosmological dark matter. To conclude, dark spinor inflation is an intriguing new 
inflation model with many features yet to be discovered. 
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